We investigate a particular class of indecomposable modules of length three, defined over a K-algebra, with a simple socle and two non isomorphic simple factor modules. These modules may have any projective dimension different from zero. On the other hand their composition factors may have any countable dimension as vector spaces over the underlying field K.
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219 vector spaces. In this note we consider algebras given by quivers with n vertices for any n ≥ 1. By making one point extensions or coextensions, or by changing the relations, we obtain modules satisfying (123) of any injective dimension (Proposition 2.1) and of any projective dimension ≥ 1 (Proposition 2.2). We also show that modules satisfying (123) are very far from being selforthogonal (Examples 2.3, 2.4 and 2.5), and that they cannot be faithfully balanced (Proposition 3.8). Moreover their endomorphism ring is a rather small commutative algebra (Theorem 3.6).
As we shall see, the free algebra K < x, y > admits modules of dimension three satisfying (123) (Example 2.5, Proposition 2.6, Corollaries 3.10 and 3.11). On the other hand, the free algebra K < x, y, z > admits modules satisfying (123) of any countable dimension ≥ 3 (Theorem 3.2). Finally, suitable matrix algebras admit modules satisfying (123) of any infinite dimension over K (Proposition 3.4 and Corollary 3.5).
This paper is organized as follows. In Section 1 we recall some definitions, we fix some conventions and we describe the main results. In Section 2 we investigate homological dimensions and extensions of modules satisfying (123). Finally, in Section 3, we describe composition factors and endomorphism rings of these modules.
For more background on generalizations of projective modules we refer to [3] and [5] . For more background on quivers and their representations we refer to [1] and [2] .
Homological dimensions and extensions
We begin with two results on homological dimensions. Proof. If d = 0, 1, ∞, then the assertion follows from [4, Example 2.3 and Theorem 2.8]. Assume now 2 ≤ d < ∞. Let n = d + 3 and let R be the K-algebra given by the 220 GABRIELLA D'ESTE following quiver with relations ab = 0 for all arrows a and b.
Next let M be the module 1 
2.
Construction. Let R be the infinite dimensional K-algebra given by the quiver
Let M be the module described by the following picture 
we get the long exact sequence
Let e 1 be the path of length zero around the vertex 1. Then the definition of U 1 and U 2 guarantees the existence of epimorphisms f ∶ P (1) → U 1 and g ∶ P (1) → U 2
such that Ker f = Ra ⊕ Rb and Ker g = R(e 1 − a) ⊕ Rb. Consequently, there are exact sequences of the form
Hence also the following long sequences are exact
Since Hom(P (1), M ) ≃ K 2 and Hom(P (1) ⊕ P (2), M ) ≃ K 3 , we deduce from (4) that Ext 1 (U i , M ) ≃ K for i = 1, 2. Consequently we deduce from (2) that dim Ext 1 (M, M ) = 2.
In the next example we use a quiver with one vertex.
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GABRIELLA D'ESTE Example 2.5. The free algebra A = K < x, y > admits a module M satisfying (123) such that dim Ext 1 (M, M ) = 10.
Construction. Let M be the A-module described by the following picture
More precisely, let {v 1 , v 2 , v 3 } be a basis of M and assume that xv Hence M satisfies (123). From the exact sequence
we obtain the long exact sequences
Since Hom(S i , M ) = 0 for i = 1, 2 and Hom(S 3 , M ) ≃ K, we obtain
and dim Ext 1 (S 3 , M ) = 4.
Since the sequence 0 → S 3 → M → S 1 ⊕ S 2 → 0 is exact and A is hereditary, we obtain the long exact sequence
Putting (2), (3) and (4) together, we conclude that dim Ext 1 (M, M ) = 10.
In the next statement we compare the dimensions of certain subspaces of small modules satisfying (123).
Proposition 2.6. Let A be the free K-algebra K ⟨x, y⟩, and let M be a module satisfying (123) with dim M = 3. Then, among others, the following cases are possible:
(i) dim xM = dim yM = 2;
(ii) dim xM = dim yM = 1;
(iii) dim xM = 2, dim yM = 1.
Proof. (i) This follows from Example 2.5, where we have xM = ⟨v 1 , v 3 ⟩ and yM = ⟨v 2 , v 3 ⟩.
(ii) Let M be the A-module, obtained in an obvious way from Example 2.4, with basis {v 1 , v 2 , v 3 } described by the following picture.
Then we have xM = ⟨v 1 ⟩ and yM = ⟨v 3 ⟩.
then we have xM = ⟨v 1 , v 3 ⟩ and yM = ⟨v 3 ⟩.
Composition factors and endomorphism rings
In the sequel we denote by N + the set of positive integers. In order to construct modules satisfying (123) of infinite dimension, we need the following lemma.
Proof. If d = 1, the assertion is obvious. Assume d is finite and d > 1. Let S be the module with basis {v 1 , . . . , v d } described in an obvious way by the following
, and so f is the multiplication by k 1 . Assume d = ℵ 0 . Let S be the module with basis {v n n ≥ 1} described in obvious way by the following picture.
Hence we have k 2 = ⋅ ⋅ ⋅ = k n = 0, and so f is the multiplication by k 1 . The lemma is proved.
By dealing with reasonably large free K-algebras it is easy to construct big modules satisfying (123). Proof. Let M be the A-module with basis B 1 ∪ B 2 ∪ B 3 with B i = d i for any i described by the following picture. 
Consequently
Putting things together, we conclude
Hence M satisfies (123) and the proof is complete.
satisfies (123) and dim V i = d i for any i.
Proof. By Lemma 3.1 we can define a simple K ⟨x, y⟩-module (V i ; a i , b i ) with dimension d i and endomorphism ring K for any i = 1, 2, 3. Next we fix a non zero map c ∶ V 1 → V 3 and a non zero map d ∶ V 2 → V 3 . In this way we obtain an R-module V = (V 1 , V 2 , V 3 ; f j ) with the following properties:
• The three non zero proper submodules of V are
Consequently V satisfies (123) and dim V i = d i for any i. Proof. Let R be the matrix algebra As the next result shows, only two K-algebras occur as the endomorphism ring of a module satisfying (123) and defined over a K-algebra.
Theorem 3.6. Let M be a module satisfying (123) and defined over a K-algebra.
Let N 1 and N 2 be the two maximal submodules of M . The following facts hold:
K ⊕ K be the morphism sending f to f ⋆ for any f . We first note that End (M (N 1 ∩ N 2 )) has non trivial idempotents.
We next observe that
Since M is indecomposable and idempotents lift modulo nil ideals, we conclude that ρ is not surjective.
Suppose first N 1 ∩ N 2 ≃ M N i for any i. In this case ρ is injective. This remark and (3) imply that End M is isomorphic to K. Hence (i) holds. Assume now
End (M N i ) ≃ K, it follows that Ker ρ is the vector space generated by f . Putting (2) and (3) (i) M is not a faithfully balanced R − E bimodule.
(ii) If R is a finite dimensional algebra, then we may have dim T = dim R + 1.
Proof. We first note that M is not a simple R-module. 
and
Consequently we deduce from (2), (3) and (4) . We first note that R is isomorphic to the algebra of all matrices over K of the form
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Consequently E is isomorphic to the algebra of all matrices over K of the form
. Therefore it is easy to check that T is isomorphic to the algebra of all matrices over K of the form
Hence, by (5) and (6), we have dim R = 4 and dim T = 5. Hence also (ii) holds.
In the next statement we collect some results on dimensions and generators.
Proposition 3.9. Let R be a K-algebra and let M be an R-module satisfying (123). The following facts hold:
(i) R is generated by at least two elements.
(ii) dim R ≥ 4.
(iii) There is an algebra B, having a B-module satisfying (123), such that B is generated by two elements and dim B = 4.
Proof. (i) This follows from the fact that R is not commutative (Corollary 3.7).
(ii) We first note that M is a cyclic R-module which is not projective (Corollary The proof of Proposition 2.1 shows that many modules of dimension 3, satisfying (123), are injective modules over suitable algebras. We finally show that also the previous K ⟨x, y⟩-modules of dimension 3 have this property. 
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Proof. By hypothesis M is described by the following picture
Let f and g be the endomorphisms of M induced by x and y. Then we clearly have f 2 = f , g 2 = 0, f g = 0 and gf ≠ 0 (resp. f 3 = f 2 , g 2 = 0, f g = 0 and gf = g). On the other hand, by Proposition 3.9, we have dim K ⟨f, g⟩ ≥ 4. Consequently {1, f, g, gf }
is an algebra isomorphism. Since Corollary 3.11. Let C be the K-algebra given by the Dynkin diagram
and let M be the K ⟨x, y⟩-module constructed in Example 2.5. Then M is a faithful injective C-module.
Proof. By hypothesis M is described by the following picture.
Let f and g be the endomorphisms of M induced by x and y. Then we clearly have
, and f 2 g = g 2 f = 0. Moreover 1, f, f 2 , g, g 2 is a basis of K ⟨f, g⟩. As always, let e i be the path of length zero around the vertex i. Then the K-linear map C → K ⟨f, g⟩ such that e 1 ↦ f 2 , Construction. Let M be the K ⟨x, y, z⟩-module described by the following picture.
Then we deduce from Theorems 3.2 and 3.6 that M is a K ⟨x, y, z⟩-module satisfying This remark and the shape of M imply that R is isomorphic to the matrix algebra
Consequently we have dim R = 10, as claimed.
As the next example shows, the dimension of a faithful module satisfying (123) and that of its endomorphism ring do not determine the dimension of the algebra. Construction. Let L be the K ⟨x, y, z⟩-module described by the following picture.
Then we have dim L = 4. Proceeding as in Theorem 3.2 we conclude that the Construction. Let U be the K ⟨x, y, z⟩-module described by the following picture.
Let f, g, h be the endomorphisms of U induced by x, y, z respectively, and let B = K ⟨f, g, h⟩. Then U is a faithful B-module with dim U = 4 and, proceeding as in
